The lattice distortion parameter δ ≡ c/a − 8/3 has been calculated as a function of molar volume for the hcp phases of He, Ar, Kr and Xe. Results from both semi-empirical potentials and density functional theory are presented. Our study shows that δ is negative for helium in the entire pressure range. For Ar, Kr and Xe, however, δ changes sign from negative to positive as the pressure increases, growing rapidly in magnitude at higher pressures.
I. INTRODUCTION
Rare gases (He, Ne, Ar, Kr, Xe and Rn) crystallize in the most closely packed structures: the face-centered cubic (fcc) and the hexagonal close-packed (hcp). Solid helium has hcp structure at low pressures and it has been demonstrated experimentally that it stays in this structure up to at least 57 GPa [1], apart from narrow bcc and fcc areas at the melting line. On the other hand, heavier rare gas solids (RGS's) have fcc structure at low pressures.
Under pressure, Ar [2], Kr [3] and Xe [4] have been found experimentally to change into the hcp structure, while neon stays fcc [5] . It has been shown in our previous paper [6] that the hcp structure of solid He is stabilized by strong zero-point vibrations.
The c/a ratio of the hcp RGS's is very close to the ideal value 8/3 ≈ 1.633. The deviation of the c/a ratio from the ideal value is described by the lattice distortion parameter δ ≡ c/a − 8/3. If δ > 0, the lattice is elongated along the z axis, if δ < 0, then it is contracted along the z axis. The point δ = 0 (c/a = 8/3) corresponds to the packing of hard spheres. In the case of crystals with c/a different from 8/3, the lattice has exactly the same symmetry as the ideal hcp lattice, i.e. the space groups of these crystals are identical for all values of c/a. While most physical properties of the hcp solids are not very sensitive to the c/a ratio (for a given volume), δ determines the second-order contributions to the crystal field [7] , which is zero for the ideal hcp lattice. It is interesting to note that δ is negative for all metallic elemental hcp solids except Zn and Cd. Our previous calculations [6] show that for hcp He δ is negative in a wide range of pressures.
While there have been numerous experimental attempts to determine c/a in helium (see the references and discussion in Ref. [6] ), the results for heavier RGS's are very scarce. The x-ray diffraction studies of Xe by Caldwell et. al. [8] and Jephcoat et. al.
[4] find δ to be positive under pressure (although the experimental precision was not sufficient to prove this fact unambiguously). On the theoretical side, there have been several papers devoted to the calculation of the c/a ratio for Ar, Kr and Xe, however the results are also somewhat controversial. Schwerdtfeger et. al. [9] investigated rare gas solids with a number of different extended van der Waals pair potentials and found δ < 0 for hcp He, Ne, Ar and Kr for all potentials at zero pressure. Caldwell et. al. [8] and Yao and Tse [10] used density functional theory (DFT) and found δ > 0 for Xe, while Cohen et. al. [11] reported negative δ for Xe, also within the framework of DFT. It seems that we still know very little about the c/a ratio in hcp rare gas solids in the age when all structural properties of most elemental solids (including high-pressure phases) are firmly established from both theory and experiment.
In an attempt to clarify this issue, in the present paper we calculate the lattice distortion parameter δ for hcp Ar, Kr and Xe as a function of volume. In addition, we also present results for He, which are the extension of our previous calculations [6] . Unfortunately, we are aware of no single theoretical method which gives an accurate δ for RGS's both at low pressures and at very high pressures (of the order of the metallization point). The reason for this is the different nature of the chemical binding of RGS's (and other molecular crystals) for different pressures. At low pressures, an RGS is a crystal with pure molecular binding, held together by the van der Waals forces. At higher pressures, the binding becomes more covalent in character, and finally metallic above the metallization point. That is why we use two methods in the present paper: semi-empirical potentials [12, 13, 14] and the density functional theory (DFT) [15, 16] .
The semi-empirical (SE) potentials (with pair and triple forces included) work very well at low pressures, while for the higher pressures higher order n-body forces are important. In particular, the SE potentials become useless in the metallic phase (where the sum over nbody terms converges extremely slowly) or near the metallization point. Density functional theory is formally an exact theory, but for practical calculations one always needs some kind of a model expression for the electronic exchange-correlation energy as a functional of the electronic density. The most widely used approximations are the local density (LDA) and generalized gradient (GGA) approximations. They are routinely used nowadays to calculate various electronic and structural properties of all kinds of solids, including RGS's [8, 10, 17] .
These approximations are expected to be rather accurate at high pressures around the metallization point (as LDA and GGA are in general most suitable for metallic and covalent solids), but fail at low pressures due to the poor description of the van der Waals (vdW) interaction [18] . In other words, the two methods employed by us complement each other: one can use the semi-empirical approach for low pressures and DFT for higher pressures.
In our semi-empirical calculations we include pair (U 2 ) and triple (U 3 ) interatomic forces, therefore the expression for the total energy is U tot = U 2 + U 3 . The n-body interactions with n > 3 are not included, which makes the method accurate only at low pressures, as we discuss below in section III. We use the Aziz expression [19] for the pair potentials with parameters from Ref. [14] . The three-body potential is taken as a sum of the long-range Axilrod-Teller dispersive interaction and the short-range three-body exchange interaction in the Slater-Kirkwood form [12, 13, 14] . We restrict ourselves to T = 0 K. The zero-point energy is treated approximately within the Einstein model. For the heavier RGS's this approximation is valid for the whole pressure range, but for helium we exclude the small pressure range (∼ 0.1 GPa) where quantum-crystal effects play a decisive role. The exactly same model has been employed previously to calculate the equations of state for all the RGS's [14] , and the results are in excellent agreement with experiment.
Assuming that δ is small, we expand the ground state energy E gs to the second order in δ:
where the coefficients b 0 , b 1 and b 2 depend on the molar volume and also on the parameters of the interatomic potential. The minimum of E gs is reached for δ = −b 1 /(2b 2 ). Thus, in order to find the δ(V ) dependence one has to calculate the quantities b 1 (V ) and b 2 (V ). The first shell of neighbors gives the main positive contribution to b 2 , and the sum over spheres of neighbors converges rather rapidly. However, despite the relatively short-range character of the interatomic interactions, one has to include a large number of neighbor shells in order to calculate b 1 accurately. The reason is that the contributions of the first two shells are exactly equal to zero, while the contributions from more distant shells decrease rather slowly and tend to alternate in signs. This is also the reason why δ is small, namely |δ| ∼ 10 −4 ÷ 10 shell at the distance R = a √ 3 makes a negative contribution to b 1 which overweights the positive contribution from the third shell. As a result, the total contribution to b 1 from the third and fourth shells is negative and leads to δ > 0. The contributions from further shells will in most cases lead to δ < 0. To get a reliable result, we take into account 50 shells of neighbors in all our calculations.
B. First principles calculations
For our DFT calculations we use the all-electron full-potential linear muffin-tin orbital (FP-LMTO) code RSPt [20, 21] . This code is especially reliable for high-pressure calculations, as it uses the "soft-core approach", i.e. core electrons energies and wave functions are recalculated for each DFT iteration. This means that the core levels in a crystal, especially under pressure, are shifted from the atomic positions, giving more accurate total energy values. The generalized gradient approximation (GGA) in the form of Perdew-Burke-Ernzerhof (PBE) [22] has been used. All our calculations have been done for zero temperature neglecting the zero-point vibrations.
The equilibrium c/a ratio has been found for each molar volume V by minimizing the total energy E(c/a) for fixed V . This function was calculated for a number of c/a points around the minimum and interpolated with a cubic spline. The equilibrium c/a and the energy E(V ) for the equilibrium c/a were then obtained from this spline. The pressure p(V ) (for the equation of state) was obtained from the calculated E(V ) points, again using a cubic spline for the numerical differentiation. We took special care in achieving high accuracy of our calculations, as the typical energy differences for He, between, say c/a = 1.633 and 1.634 are of the order of 10 −6 to 10 −9 Ry, depending on V (somewhat larger for the heavier elements).
In particular, the Brillouin zone integration has been performed by the tetrahedron method with 368 k-points in the irreducible part of the Brillouin zone (3375 k-points in the whole Brillouin zone). The self consistent cycle was converged to the total energy accuracy of at least 10 −9 Ry. We have used two kinetic energy tails with energies +0.2 Ry and -0.2 Ry respectively in our basis set; and the 32x32x32 mesh for the Fast Fourier Transform in the real space. For Kr and Xe, a second energy set with two kinetic energy tails (-0.8 Ry and -1.5 Ry) has been used to describe 3d and 4d states, respectively. Our tests show that the results are basically insensitive to the particular choice of the kinetic energy tails and they are well converged with the number of k-points and other parameters of the calculation. We also applied the local density approximation (LDA) to helium and found out that the LDA results (not shown) are very close to our GGA results. In fact, we managed to achieve the numerical accuracy of at least 3 × 10 −4 in determining δ (this does not include the possible systematic errors of GGA and the FP-LMTO method).
It is important to note that DFT maps the many-body problem to an effective one-particle Scrödinger-like Kohn-Sham equation [16] . The periodic solids are treated in k-space using Bloch theorem. Compared to the real-space methods (like the semi-empirical potentials) it
gives DFT an advantage of automatically including all shells of neighbors and all n-body interactions in its expression for the total energy. The main disadvantage of DFT within LDA or GGA for rare gas solids is, as we already mentioned, the poor description of the van der Waals interaction. Therefore, while this method is ideal for the metallic phase, and also suitable for the insulating phase in the vicinity of the metallization point, it does not give reliable results at low pressures, where an RGS behaves as a pure molecular crystal and the vdW interaction is important.
III. RESULTS AND DISCUSSION
In this section we present the results of our calculation. For reader's convenience, in Table I we list the experimental equilibrium molar volumes V 0 of rare gas solids (from Ref. [23] ). Note that V 0 for helium is high due to the zero-point oscillations. In the same picture at higher pressures due to the lack of the n > 3 terms in the n-body expansion.
A. Helium
The calculated lattice distortion parameter δ as a function of the molar volume V for hcp helium is shown in Fig. 2 . This is an extension of our previous work on He [6] with more volume points included in the DFT-GGA calculation. First of all, the order of magnitude of δ is about 10 −3 in a wide range of volumes (above 5 cm 3 /mol). This would be a very small effect for hcp metals, but it is an expected order of magnitude for molecular crystals.
The semi-empirical (SE) calculations without zero-point vibrations (dash-dotted curve)
give negative δ in the entire volume range, with a maximum at about 8 cm 3 /mol. The negative sign is not unexpected, as most hcp solids have negative δ, at least at low pressures.
At smaller volumes, negative δ grows in absolute value with decreasing volume (increasing (see the results below), the effective V 0 for He (without ZPV) should be placed at about 10 cmwith ZPV has no increase of the absolute value of δ at V > 10 cm 3 /mol. In fact, there is no maximum and δ grows monotonously with increasing V . It stays small in magnitude and possibly becomes positive at larger volumes. However, our calculations only include ZPV in a rather simple way based on the Einstein model. For this reason, we do not present the results for volumes larger than 14 cm 3 /mol. The detailed examination of the quantum crystal region is beyond the scope of the present paper. In our previous paper [6] we have studied the effect of pair (2-body) and triple (3-body) forces on lattice distortion. It has been shown that the triple forces become important at approximately V < 10 cm 3 /mol. It is difficult to say exactly at what volumes the higher order terms (not included in the present SE calculations) come into play, but one can expect the SE description to be adequate between at least 10 and 14 cm 3 /mol (quite possibly down to 5 cm 3 /mol).
The DFT calculations (circles and the dotted curve in Fig. 2 ) report a negative δ at V < 5 cm 3 /mol, which grows in magnitude with decreasing V much quicker than is given by the SE potentials. The reason is that DFT automatically includes all n-body terms, while the SE method is limited by the 3-body terms and should not be used for V < 5 cm 3 /mol.
For volumes above 5 cm 3 /mol, however, the δ from DFT behaves nonmonotonously and finally becomes positive and grows sharply at V > 11 cm 3 /mol. We believe the latter region (and possibly even the entire region above 5 cm 3 /mol) to be nonphysical, as GGA is known to describe poorly the van der Waals (vdW) interaction. However, for V < 4 cm 3 /mol the DFT is expected to be reliable, as the atomic repulsive forces dominate in this high-pressure region and the vdW contribution is small. At very low volumes (which correspond to the experimentally unreachable pressures of thousands of GPa), δ reaches a minimal value of −0.05 at about 0.23 cm 3 /mol, which is very close to the metallization point (vertical line in the inset of Fig. 2 ). In the metallic phase, δ increases sharply (thus decreasing in the absolute value) with decreasing V .
To summarize, DFT-GGA works for V < The δ(V ) dependence for hcp argon is presented in Fig. 3 . The two vertical lines correspond to the metallization point and the equilibrium volume, respectively (see Table I ). The SE results (solid curve) are qualitatively similar to the SE results for He (without ZPV).
The effect of zero points vibrations in Ar and other heavier RGS's is very small and the SE curve without ZPV (not shown) practically coincides with the full SE curve. The lattice distortion parameter δ is negative with a maximum at about 15 cm 3 /mol. The DFT-GGA results (circles and the dotted curve in fig. 3 ), however, are somewhat surprising. The the previous calculations [8, 10] , and in contradiction to Ref. [11] . At V = 8 cm 3 /mol (P ≈ 300 GPa), δ for Xe has a sharp maximum. It could be related to electronic topological transitions, but the detailed analysis of the electronic structure of the metallic phases is beyond the scope of the present paper.
It is difficult to give a simple qualitative explanation to δ being negative for He under pressure, and positive for Ar, Kr and Xe. Since helium has two 1s electrons, while Ar, Kr and Xe have np 6 outermost shells, one can assume that this physical property is mainly determined by the quantum number l of the outermost electron shell (s or p) (the principal quantum number n seems irrelevant). It seems that the filled p shell favors positive δ under pressure, while the filled 1s shell of helium favors negative δ. Another possible explanation is that the heavier RGS's undergo metallization at much smaller pressures compared to helium.
Note that the negative δ in helium rapidly decreases in absolute value in the metallic phase below 0.23 cm 3 /mol. So if we assume that the closeness to the metallization favours positive δ, it would explain the positive sign of δ in Ar, Kr and Xe in the metallic phase and near the metallization, while in He the effect is too weak (with the metalization point at 0.228 cm 3 /mol). In the language of n-body interactions, the pair forces are described well with the Aziz potential (with different parameters for different RGS's) and the 3-body potentials are likewise similar for He, Ar, Kr and Xe. The triple forces always favour negative δ, while the pair forces give negative contribution to δ at larger volumes and positive at smaller volumes [6] . The total effect of pair and triple forces is always negative. Apparently, the distinction between He and the heavier RGS's manifests itself in 4-body and higher n-body terms, which are missing in our semi-empirical calculations; while GGA automatically includes all n-body terms.
IV. CONCLUSION
We have calculated the lattice distortion parameter δ ≡ c/a − 8/3 for the hcp rare gas solids He, Ar, Kr and Xe. At low pressures (covered by the semi-empirical pair and 3-body potentials), δ is negative for all systems. At higher pressures (covered by DFT-GGA), δ becomes positive for Ar, Kr and Xe, while it stays negative for helium.
